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w 1. The nons ta t ionary  t r a n s f e r  of line radia t ion in a heated gas (a l o w - t e m p e r a t u r e  p lasma)  is usual ly  
desc r ibed  using the kinetic equation for  excited a toms [1]. Depending on the specif ic  si tuation,  p rob lems  then 
a r i s e  r ega rd ing  the co r respond ing  initial and boundary  conditions. The f ea tu res  of the solution due to the dif- 
fe ren t  boundary  conditions (different configurat ions of the volume of gas cons idered ,  the p re sence  or  absence  
of re f lec t ing  s u r f a c e s ,  etc.) have a l r eady  been invest igated to some  extent,  although the ana lys i s ,  as a ru le ,  r e -  
f e r s  to the s t a t iona ry  analog of the kinetic equation. As fa r  as the initial conditions a r e  concerned,  it has been 
a s s u m e d  up to now that  at a ce r t a in  initial instant of t ime  (t =to) t he re  is a un i form distr ibution of the exci ted 
a toms  in the whole volume of gas.  In many  p rob lems  of radia t ion  kinet ics  this assumpt ion  is not just if ied,  for  

�9 example ,  in a v a r i e t y  of e a se s  of local  energy  dissipat ion,  l a s e r  excitat ion,  skin effect ,  etc. Thus,  the re  is a 
need for  a m o r e  genera l  formula t ion  of the p rob l em of rad ia t ion  kinet ics  (first of all ,  in its e l emen ta ry  fo rm,  
which co r r e sponds  to the wel l -known B i b e r m a n - H o l s t e i n  equation) for  any initial dis t r ibut ions of the densi ty  
of exci ted s ta tes .  

w 2. The change with t ime  of the densi ty  of exci ted a toms  n of the med ium af ter  the excitat ion has ceased  
is given by the equation [1, 2] 

On( r, t) ~ Ot -- n(r,  t) ~- J n(r ' , , t )D(r- -r ' )dr ' ,  (2.1) "% 

V 

where  T O is the spontaneous luminescence  t ime;  D(r - r , )  is the probabi l i ty  that a quantum emit ted at the point 
r '  will be  abso rbed  at the point r ,  

A S  exp[--.(v) [ r - - r ' l ]  D (r --  r') = x ~ (v) l r - -  r' 12 dr, 
0 

(2.2) 

where  u(v) is the absorp t ion  fac tor ;  H = f • (v) dr. 
0 

luminous gas ,  Eq. (2.1) t akes  the f o r m  

In the ca se  of cyl indr ical  and spher i ca l  configurat ions of the 

l 

On(r'tl:ot - -n ( r , t )  -~- .fn(r"~)G(r'r')dr"" 
(} 

(2.3) 

where  the t ime  is m e a s u r e d  in units of To, while the coordinate  is m e a s u r e d  in units ~ the rad ius  of the sp h e re  
or  cyl inder  (70 =R =1). 

Equation (2.3) has a solution for  any initial densi ty  distr ibution n0(r) of the excited a toms :  

n (r, t) = '~ exp [-- L,~tl Cmq~.~ (r), (2.4) 
m = O  

where  2, m and ~ m a r e  the eigenvalues and eigenfunctions of the integral  equation, connected by the following 
equation [3]: 
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t 

cp m (r) - -  .f q)m (r') G (r, r') dr'  : ~,mv?m (t;) , 
0 

The  coe f f i c i en t s  C m a r e  d e t e r m i n e d  by  the  in i t ia l  condi t ion  

Cm --'-- .I no (r) ~,,, (r) rhdr ep 2 (r) r~dr, 
0 

2 - -  a sphere, 

CZ = t i a cylinder. 

t 3 .  F o r  a n u m e r i c a l  so lu t ion  of Eq. (2.3) it is conven ien t  to r e p r e s e n t  the  k e r n e l  G ( r , r ' )  in the  f o r m  of 
an expans ion  in t e r m s  of the  op t i ca l  dens i ty  p a r a m e t e r .  

A Sphere.  Integrat ing in Eq. (2.1) wi th  r e s p e c t  to the nonradia l  c o o r d i n a t e s ,  we  obtain 

1 T Y x (v) {E t [ - -  x (v) (r + r')] - -  E l [--  z (v) [ r - -  r' I]} dr, G(r,r ' )  = ~ " "  ~ 
0 

w h e r e  E i ( - x )  is the  i n t eg ra l  exponent ia l  funct ion.  Us ing  the  expans ion  [4] 

~(-- .)'~ 
Ei (--  x) = c + Iu x + -'A-~ml ' 

m = i  

we can  obta in  

t ~ amk~+i (-- 1) m 
a (r, r')  = -~- mini 

�9 I r + r ' l , ,  [ ( r + r ' ) ' - l r - r ' l ' ~ l ' - ~  - + a ~ 1 7 6  ~ " 7 '  

w h e r e  k 0 is the  a b s o r p t i o n  f a c t o r  at  the  c e n t e r  of the  l ine  
oo 

_ f x (v) ( ~  (v)V "+' 
a,,, = .1 W t W )  dr .  

0 

(3.1) 

A Cyl inder .  In t roduc ing  cy l i nd r i ca l  c o o r d i n a t e s ,  we  obta in  f r o m  Eq. (2.2) 

2n  

t ! ~x~-(V)dv~exp(--z(v,  qx , 
G ( r , r ' ) = ~  d(pj q i) .(='--l)il 2 r'dx, 

q = (r a + r "  2rr' cos (p),/2. 

(3.2) 

Us ing  the Hubler  i n t eg ra l  r e p r e s e n t a t i o n  fo r  c y l i n d r i c a l  func t ions  

i exp(-- ~*) dx ' KO (~) = ( x ' -  i) '12 

Eq. (3.2) can be converted to the following form which is more convenient for expansion: 

[+7 G ( r , r ' )  = ~  dqD u 2(v) - -  K o(~)d~ dr, 
0 0 0 

w h e r e  K0(~ ) is the  c y l i n d r i c a l  funct ion  of i m a g i n a r y  a r g u m e n t  (the Macdona ld  function) def ined by  the  s e r i e s  

expans  ion [4] 

(3.3) 

(~12) 2m r . ,  
Ko( ) = ,) - } , 

~p(x) = d lu F(x)/dx. 

(3.4) 

m 

%~ I w h e r e  e =0.5772 is E u l e r ' s  cons tan t .  F o r  an in t eg ra l  a r g u m e n t  it is equal  to ~ m - } -  1) = - - c +  ~..~--/-, 
i = t  
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Using Eq. (3.4), integrat ion with r e s pec t  to (p in Eq. (3.3) leads to the following express ions :  

z~ i-~- K (r' /r) r > r' 
t !d(pq L I i  

, - -K(r / r ' )  r < r ' ,  
I r r 

where  K(x) is the comple te  ell iptic integral  of the f i r s t  kind; 
2g 

I I 'q2,d(p=2[r~__r,21ap~[r2§ 
0 

2~ 
t yq2~lnqd~ I os~. 

U~ = ~ 2 op.' 
0 

and Pp(x) is the Legendre  function. 

Fo r  in tegral  p =m,  Um and Sm can be calculated using the r e c u r r e n t  re la t ion  for  Pp [4]. After  s imple  
calcula t ions  we obtain 

(2~ + i)p~(x) = (~ § t)p~+~(x) + ~p~_~(Z), 
po(x) = l, Pl(x) = x, 

( m )(r~-[-r'2)Sm m [r2-]-r'z Sin+i= t +  ~ m'~i  [Sm-l, 

So = 2, $1 = 2(r 2 q- r'~), 

m t p2 Um-FI=(t-~ - m - ~ )  (r~-l-ri2)Um m-~ l l r~-r '2[Um_t  -{-.2(m ~ t)~(r~-~ r~2)Sm-  ~(m + t)~lr~__r Ism-t ,  

V o = In r2-~ r'2 -b [r ~ -  r'2[ 
2 

Ua = (r ~ -~- r'2)(Uo -t- t) - -  I r~ --  r'Zl. 

Introducing the in tegra ls  with r e s p e c t  to f requency  
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J // ~ k , ]  m - ~ d v ,  
0 

we can  wr i t e  the f inal  express ion  for  G(r,  r ' ) :  

G (r, r') ga~  -~" _ (2m-f- t) (ml)' [(Um --  S ,J (2m + !) - -  3mr (m + t)) a2,~+, + gmb2m+t], 

where  a m a r e  defined by  Eq. (3.1). In the ca se  of Doppler and d i spers ion  prof i les  of the absorpt ion l ines ,  the 
in tegra ls  a m and b m can  be ca lcula ted  accura te ly :  for  the Doppler prof i le  

• (,:) = k 0 exp [ i, av D ] ~' a m = i / (m -4= 2)in, 

b m =  a,~[ln (ko/2) - -  t/2(m + 2)1; 

and for  the d l s p e r s k m  prof i le  

(r/2)'- 
u (v) = k o (v--~0)~+ (r/2),' 

a m =  i(m+l)ll,22m+2 ' -~- ~ (2~ t )  " 

We will only cons ider  these  prof i les  below, s ince a cons idera t ion  of m o r e  complex  ca se s  (for example ,  
a Voigt profile) involves no essen t ia l  difficult ies and m e r e l y  involves m o r e  complex  calculat ions.  

w In the sect ion [0.112N+1 we choose equally spaced  r 1 . . . . .  r2N+l  and we cons ider  the cor responding  
d i sc re t e  ve r s ion  of Eq. (2.3): 

t 

dn(rt't)ttt = - - n ( r i ,  t) A - ~ G ( r t , r ' ) n ( r ' , t ) d r ' .  (4.1) 
O 

Suppose the division s tep  h = l / 2 N .  Then in each  sect ion of length 2h we ca,, r ep l ace  n(r, t)  approx imate ly  by a 
sect ion of a pa rabo la  

n f r , - ,  t') (r--  r,) (r --  ri+t) (r, t) rg + n (rl, t) (r-- r~_,)h 2(r -- ri+i) -~ n(ri+ i, t) (r -- ri_i)2h ~(r -- rl) (4.2) 

In tegra t ing over  the rad ius ,  Eq. (4.1) becomes  the s y s t e m  of l inear  equations 

On i (t) E Alln~ (t), hi(t) ~ n(r~, t), A t t  ---- - - ~ i  + 6~i, (4.3) 
Ot J 

where  Gij is the r e s u l t  of integrat ion of G with weights f r o m  Eq. (4.2). The integrat ion was c a r r i e d  out on a 
computer .  Sys tem (4.3) has the solution 

2N+i 
n~ (t) ----- ~_~ C m exp (--),rot) Y,m, (4.4) 

m = t  

where  ~ m and Yim axe the elgenvalues and cor respond ing  e igenveetors  of the ma t r i x  Aij. The coeff icients  Cm 
can be found f r o m  the initial condition 

2N~-i 
n, (0) = ~ Cmy,,n" (4.5) 

m=i 

The first 2N +1 terms in Eq. (2.4) correspond to expression (4.4). 

w As an exmmplewewlll choose the Initlaldistrlbution n0(r) = exp {- [(r-r0)/a] 2} . The attenuation pattern 
for spherical geometry, a Doppler profile, and r0=0.6 , a2=0.I, and k0=3 is shown in Fig. 1. The result of 
calculations for the ease of cylindrical geometry and a dispersion profile is shown in Fig. 2 (r0=0.5, cr2---0.1, 
and k0=3). In both cases curve i corresponds to t=0, curve 2 corresponds to t = l ,  curve 3 corresponds to t=2, 
curve 4 corresponds to t =3, and curve 5 corresponds to t =4. 

We will put ~ n  {XI} = ~q T = l /X,  co r respond ing  to the eigenfunction y(r ) .  It is seen  f rom Eq. (2.4) that f o r  
f a i r ly  l a rge  t imes  

ni(t) = Cyl exp [--t/v]. (5.1) 
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As_ymptotic express ions  for  ~ for  l a rge  opt ical  th icknesses  k 0 a r e  given in [1] as they apply to a cy l indr i -  
cal  geome t ry  of the volume of gas 

T k0(~ In ko)~121t.60 (5.2) 

for  a Doppler prof i le  and 

,~ = (~ko), , '21i . i l5  (5 .~)  

for  a d i spers ion  profi le .  (In our choice  of va r i ab les ,  T and k 0 a r e  d imens ion less  quantities.)  it is in teres t ing 
to c o m p a r e  Eqs. (5.2) and (5.3) with the accura t e  values  obtained in the p resen t  paper .  The r e su l t s  of such a 
c o m p a r i s o n  a r e  shown in Fig. 3. Curves  1 and 2 co r r e spond  to Doppler and d i spers ion  prof i les  in the case  of 
cy l indr ica l  geomet ry ,  the dashed cu rves  co r re spond  to Hols te in ' s  e s t ima te ,  and curves  3 and 4 co r re spond  to 
the s a m e  prof i les  in the ca se  of spher i ca l  geomet ry .  It is seen  that  if only a rough es t ima te  of the quantity of 
app rox ima te ly  107o is suff icient ,  one can use  Eqs. (5.2) and (5.3) beginning at k0=5; he re ,  for  compar i son ,  we 
have given the values  of ~- r e l a t ing  to the ca se  of a spher i ca l  configuration.  It is seen  that a sphere  is d e - ex -  
c i ted m o r e  rapid ly ,  as is ,  of cour se ,  obvious f r o m  qual i ta t ive cons idera t ions .  In [5] the nons ta t ionary  equation 
(2.3) was solved for  the ca se  of a cyl indr ica l  configurat ion and a d i spers ion  prof i le  of the absorpt ion line, and 
the ca se  of l a rge  values of k 0 was investigated.  As might have been expected,  the r e su l t s  of the p resen t  paper  
ag ree  with those  of [5] fo r  f a i r ly  la rge  values of k 0. 

Having a comple te  set  of eigen num ber s  k m it is e a sy  to e s t ima te  the t ime  of emergence  T on the a s y m p -  
tote  (5.1): 

T = In (CIlCe)IA~., (5.4) 

where  e is the r e l a t i ve  d i f ference  between (5.1) and (4.5), A~ is the di f ference between h and the eigen number  
c loses t  to it, and C 1 is the co r respond ing  coeff icient  in Eq. (4.5). F igure  4 shows the ra t io  T/~- as a function of 
the opt ical  th ickness  in the c a s e  of a s phe re  (curve 1 is for  a d i spers ion  prof i le  and cu rve  2 is for  a Doppler 
profi le) .  It is seen  that  for  l a rge  values of the optical  th ickness  T/T =const .  

This  r e su l t  must  be unders tood in the sense  that for  l a rge  optical  th icknesses ,  as  shown in [5], all  the 
eigen number s  a r e  desc r ibed  by  re la t ions  of the types  (5.2) and (5.3). Numer ica l  e s t ima te s  a r e  in good a g r e e -  
ment  with Eq. (5.4), and the value of T depends only s l ight ly on the initial distr ibution.  Initial dis tr ibut ions to 
which t h e r e c o r r e s p e n d s  a p a r t i e l e  densi ty in a ce r ta in  sma l l  region a re  an exception. In this ea se  the t ime  of 
e m e r g e n c e  on the a sympto te  i nc rea se s  considerably .  F igure  5 shows graphs  of the solution no rma l i zed  to unity 
at the cen te r  of the sphere ;  the dashed cu rves  represe i l t  the eigenftmetion y(r) .  Curves  1-4 a r e  for  solutions 
with a constant  initial value ((r =oo), and the t i m e  s tep  is 2.5. Curves  5-8 r e p r e s e n t  s i m i l a r  solutions in which 
~2=0.1 and r0=0.  It is seen  that the second group of solutions approaches  the asympto te  much m o r e  slowly. 
Note that accord ing  to Eq. (5.4), ff C I = C ,  then n(T) ~ ~a(0), i .e. ,  at the instant when Eq. (5.1) begins to be  s a t i s -  
f ied the volume of gas is a l r eady  p rac t i ca l ly  de-exci ted .  

In conclusion,  we note that the p rob l em  of radia t ion kinet ics  cons idered  above for  a r b i t r a r y  initial condi-  
t ions and its e l e m e n t a r y  formula t ion  can a lso  be fo rmula ted  in a much m o r e  genera l  f o r m  (see, for  example ,  
[6]). The approach  to its solution in this ea se  is not essen t ia l ly  different.  
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